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Abstract: A useful recursive formula for obtaining the infinite sums of even order harmonic series Zr=i (l/nzk), 
k = 1,2,. . , is derived by an application of Fourier series expansion of some periodic functions. Since the formula 
does not contain the Bernoulli numbers, infinite sums of even order harmonic series may be calculated by the formula 
without the Bernoulli numbers. Infinite sums of a few even order harmonic series, which are calculated using the 
recursive formula, are tabulated for easy reference. 
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1. Introduction 
The infinite series 
EL 
1+r 
n=l n 
(1) 
is known to converge to a finite value for any positive value of 6. When 6 is a positive integer, the 
infinite sum of the series (1) can be calculated as [l]: 
g -L Iwy1), (-1)” 
1+Wl 
m= 1, 2,..., 
n=l n 
(4 
where the psi function 9 is defined by 
9(x) = T’(x)/qx), (3) 
with r being the gamma function. In addition, when c is an odd integer (that is, in the case of 
euen order harmonic series), the infinite sum of the series (1) can also be calculated by the 
formula, 
f & = (-l)*-‘$$&, k= 1, 2,..., (4) 
n=l n 
where B,, i = 1, 2,. . . , are the Bernoulli numbers and can be calculated by the formula, 
? m+ABk = 0, m = 1, 2,..., (5) 
k=O 
with B, = 1 [2,3]. More typical values of the Bernoulli numbers may be found in [l]. 
* Work done while with the Department of Electronics Engineering, Seoul National University, Seoul, Korea. 
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As we can see from (4) and (5), in order to find the infinite sum of an even order harmonic 
series by (4), it is required first to calculate the Bernoulli number. 
In this paper, using Fourier series expansion of appropriate periodic functions, a recursive 
formula for obtaining the infinite sums of even order harmonic series will be derived which does 
not require the calculation of Bernoulli numbers; that is, the main objective in this paper is to 
find a formula with which the infinite sums of even order harmonic series can be obtained 
without an intervening parameter. 
2. A recursive formula for even order harmonic series 
The Fourier series of a periodic function g(x) may be expressed as 
g(x) =A, + $J 
i7=1 [ 
A, cos+ + B, sin+], (6) 
where T is the period of g(x), and A,, A,, and B,,, n = 1, 2, . . . , are called the Fourier 
coefficients of the function [4,5]. 
In order to derive the desired formula, let us consider the functions fk(x), k = 1, 2,. . . , 
defined by 
fk(X)=(X-lT)2k, o<x<lT, (7) 
with fk( -x) =fk(x) and fk(x + 271) =fk(x). For the functions fk(x), k = 1, 2,. . . , it is quite 
easy to see that the Fourier coefficients B,, = 0, n = 1, 2,. . . , and therefore they can be expressed 
by the following Fourier series, 
fk(x) = a2k,0 + f a2k,n cos nx = f a2k,n cos nx, (8) 
n=l II=0 
where the Fourier coefficients azk n, n = 0, 1,. . . , 
explicitly denoted) are given by (see’Appendix A) 
(in which the dependence on k is now 
a 2k,0 = T2k/(2k + 1) (9 
and 
After some manipulations as shown in Appendix B, (10) can be transformed into 
Once we have (8), (9) and (ll), it is quite straightforward to proceed and to obtain the desired 
formula. Let us put x = 0 in (8), and use (9) and (11) to get 
2k_ T 
2k 
7 
-2k+l+” 
2k-2 ’ 
(2k-&-I)!’ (12) 
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After a few steps as shown in Appendix C, (12) becomes 
' 
(13) 
where 
C,= f-&, j=l,2 ,..., (14 
n=l n 
are the infinite sums of even order harmonic series. If we proceed one step further for notational 
convenience, we finally get the desired formula 
k-1 (WY JFl (2k-2j+l)j%- (2k: l)! ’ 
1 
k= 1, 2,..., 
from (13) after a few rearrangements with the definition 
(15) 
and 
s, = l/3!. (17) 
Some values of l/S, obtained by the recursive formula (15) and (17) are shown in Table 1. 
3. Summary 
In summary a recursive formula for obtaining infinite sums of even order harmonic series is 
derived using Fourier series expansion of periodic functions. While the infinite sums of even 
order harmonic series can also be calculated by other well-known results, the formula derived in 
this paper does not require a priori knowledge of the Bernoulli numbers. A few values obtained 
by the formula are shown to illustrate the usefulness of the formula. 
Table 1 
Some values of l/S, 
k l/S, k l/S, 
1 6 
2 90 7 
3.13! 
-11 
3 945 L” 
4 9450 8 
3.5.17! 
., 
5 93555 
6 
15! 
7~1.Lcl1 
2”. 3617 
9 
7!.19! 
220.3.5.43867 L -v71 
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Appendix A 
Calculation of Fourier coefficients 
1 n 
a 2k,O = ; 
J 
(x-T)2k dx= if? o 
2k+l’ 
a2k,n = - f /&x - ?I)‘~ cos nx dx 
(~-n)‘~~~n nx 
n 
4k n = -- n71 i (x - ~)*~-l sin nx dx 
4k ( [ (x - 7)2k-1 1 71 2k - 1 -_- - cos nx +
n71 n 0 n 
4kT 2k-2 2k(2k - 1) 
n* n2 
a2k-2,n. 
(A4 
-1 
sin nx dx \ 
I 
J oq(x - TT)~~-’ cos nx dx i 
(A-2) 
Appendix B 
Derivation of (I 1) 
Several methods may be used to derive (11) including induction and direct iteration of (10). In 
this appendix one of the possible derivations is given. Let us first define some quantities for 
notational convenience: let 
CX~ = 4k/n2T2 (W 
and 
Pk = -2k(2k - l)/n2T2. (B.2) 
Then we have 
b,, = ak + bkb2k-2 > (B.3) 
where 
b2k = a2k,n/T2k. ( B-4) 
Now by consecutively decreasing the index k in (B.3) by 1 and multiplying appropriate 
quantities and adding them up, we get 
b,, = ak + Pkb2k-2 
Pkb2kp2 = bkak-1 + Pk-1&&-4 
P&l . . . Pkb4 = && ’ ’ . &$2 + P2& . ’ ’ Pkb2 
4 W) 
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Now noting that 
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‘.. Pk-j= (-2k)(2k 1) - (-2k + 2)(2k - 3) . . . 
n2T2 n27r2 
(-2k + 2j)(2k - 2 j - 1) 
2 2 n7r 
= (-4’+’ 
(nd 
2(,+l)k(k - 1) *. . (k - j)(2k - 1)(2k - 3) . . . (2k - 2 j - l), 
(B-6) 
(B.5) can be expressed as 
b,,= 4k + 
n27T2 
w- 1) (-WP - 1) + . . . 
n27r2 2 2 n71 
+ (-2)“%(k - 1) *. .2*1*(2k-1)(2&3)...3.1 4 
(HIT) 
2(k-1) 
n2T2 
4 =- [ k+ (-2) -k(k n2frr2 - - n27r2 1)(2k 1) + ( _z 1 2k(k - l)(k - 2)(2k - 1)(2k - 3) 
+ . . . +i - ?_h-:) * . . 2.1 - (2k - 1)(2k - 3) . . . 3.1 1 
. 
\n'~') 
(B.;) 
Since the (j + 1)th term in the bracket of (B.7) is 
i i 
-2 ‘k(k- 1) 
n2Tr2
. . . (k - j)(2k - 1)(2k - 3) 
= (-1)J-2k(k_j) w-0 
(n27r2)j (2k - 2 j)! ’ 
we finally get 
. . (2k - 2 j - 1) 
(B.8) 
b2, = 
(-l)'N-j) 
J=o (n2T2)‘(2k- 2j)! 
= 4k(2k- l)! 
2 2 
n71 
(B.lO) 
(11) immediately follows from (B.4) and (B.lO). 
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Appendix C 
Derivation of (13) 
If we divide (12) by IT’S and then rearrange the result, we get 
2k 
2k+ 1 =?(Ir)lntl$z (2k-;j_1)! (2)’ 
or 
2 k-l 
(2k);;k + 1) = I?0 (2k - :j - l)! 
Now if we use (14) in (C.l) we get 
k-l 
-1 Jcj+l 
(2k:l)! =,FO (2k-:j-l)! q-i2 ,.r2 i i 
k-2 
= ,Fo (2k-:j-l)! 
After a slight rearrangement we finally get 
k-2 
Ck = (_ lpp 
(Zk:l)! -,FO (2k-:i_I)! . 
(C.1) 
(C.4 
cc.31 
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